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Quantum-enhanced sensing has a goal of enhancing a parameter sensitivity with input quantum
states, while quantum illumination has a goal of enhancing a target detection capability with input
entangled states in a heavy noise environment. Here we propose a concatenation between quantum-
enhanced sensing and quantum illumination that can take quantum advantage over the classical
limit. Using quantum Fisher information formula, we connect quantum phase sensing in an inter-
ferometry with sensing a target reflectivity that we call a target sensitivity. Including thermal noise
and loss, we put the target sensitivity into noisy quantum-enhanced sensing. Under the constraint
of a total input state energy, for example, N -photon entangled states can exhibit better performance
than a two-mode squeezed vacuum state and a separable coherent state. Incorporating a photon-
number difference measurement that discriminates the presence and absence of the target distinctly,
we enhance not only the target sensitivity but also the signal-to-noise ratio with increasing thermal
noise.
INTRODUCTION
Quantum-enhanced sensing(QES) takes quantum ad-
vantage over classical strategies via input entanglement
and squeezing[1, 2]. For a single-parameter sensing, a
parameter sensitivity is lower bounded by the inverse of
quantum Fisher information which provides maximum
information we can extract in a small change of the
parameter, where the mean value of the parameter is
equal to the true value of one. According to input probe
states, the sensitivity of a phase is lower bounded by the
standard quantum limit (1/
√
N) with coherent states or
by the Heisenberg limit (1/N) with NOON states and
squeezed states, where N is a mean photon number of
an input probe state. In a noisy scenario, we can ex-
plore noisy quantum-enhanced sensing[3] as well as quan-
tum illumination(QI)[4, 5] that discriminates the pres-
ence and absence of a target. For the QI which detects
the target with entangled states in a heavy noise environ-
ment, the target is simply modelled by a beam splitter in
a laboratory. Using entangled states, we can enhance the
possibility of detecting the target even if there is no en-
tanglement in the output modes. Specifically, two-mode
squeezed vacuum(TMSV) states can exhibit quantum ad-
vantage over classical states in QI[6] with no output en-
tanglement, where it was not shown about how to achieve
the quantum advantage with any measurement setup.
For the QI using an input TMSV state, it was first
implemented with direct photon counting on output
modes[7], where the signal-to-noise ratio(SNR) of the
TMSV state exhibited higher than the SNR of a cor-
related thermal state. Regarding a specific measurement
setup, Guha and Erkmen proposed a masurement scheme
with optical parametric amplifier that achieves a half of
the bound[8]. It was implemented by Z.Zhang et al.[9],
showing the 20% improvement of the SNR over optimal
classical setup. Later, Q. Zhang, Z. Zhang, and J.H.
Shapiro proposed another measurement scheme[10] that
FIG. 1. Schematic for quantum illumination(QI) via
quantum-enhanced sensing(QES). η is a reflectivity of a tar-
get which is replaced by a beam splitter. φ is a phase in an
interferometry.
sum-frequency generation with feedforward can achieve
the bound asymtotically. Except those works, there were
several investigations on the QI both theorectically[11–
25] and experimentally[26–30].
Both QI and QES take quantum advantage with in-
put probe entangled states, but the former can achieve it
with no entanglement in the output modes[6] and the lat-
ter can do it with entanglement in the output modes[31].
Moreover the QI is based on quantum discrimination
and the QES is based on quantum estimation[32]. Al-
though they exhibit different characteristics, the QI and
the QES can be connected by a parameter sensitivity
and an SNR. In Fig. 1, we draw the architecture of our
scheme for concatenating QI and QES. In terms of quan-
tum Fisher information(QFI) which determines the ul-
timate precision limit of quantum phase estimation[33],
first, we derive that a phase sensitivity in an interfer-
ometer is being equivalent to a target sensitivity at low
reflectivity(η  1). Including thermal noise and loss,
we investigate noise-resilient QES about sensing the tar-
get reflectivity. With a specific measurement setup, the
noise-resilient QES can be adapted for the QI which is
based on a target detection with SNR. The target sensi-
tivity is investigated with the error propagation relation
of the target reflectivity, and correspondingly the SNR
presents a similar behavior of the target sensitivity.
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2EQUIVALENCE BETWEEN DIFFERENT
PARAMETER SENSITIVITIES
Using quantum Fisher information(QFI) formula, we
show that a phase(φ) sensitivity can be equivalent to
a target sensitivity. For pure states, the quantum
Fisher information is given by H = 4[(∂ab〈ψx|∂x )(
∂|ψx〉ab
∂x )−
|ab〈ψx|∂|ψx〉ab∂x |2], where |ψx〉ab = Uˆab(x)|ψ〉ab. First, we
look into the target sensitivity which is replaced by a sen-
sitivity of a beam splitter reflectivity(η). A general beam
splitting operation[34, 35] is represented by
Bˆab(θ, ϕ) = exp
[
θ
2
(aˆ†bˆeiϕ − aˆbˆ†e−iϕ)
]
≈ exp[η(aˆ†bˆeiϕ − aˆbˆ†e−iϕ)] ≡ Bˆab(η, ϕ), (1)
where η = sin(θ/2) is the reflectivity of a beam splitter,
and ϕ is the phase difference between the transmitted
and reflected fields. Assuming θ  1, the beam splitting
operation is approximated as Bˆab(η, ϕ). Applying the
beam splitting operation on a two-mode input state as
|ψη〉ab = Bˆab(η, ϕ)|ψ〉ab, we derive the following QFI
H = −4
[
ab〈ψ|(aˆ†bˆeiϕ − bˆ†aˆe−iϕ)2|ψ〉ab
+
∣∣∣∣ ab〈ψ|(aˆ†bˆeiϕ − bˆ†aˆe−iϕ)|ψ〉ab∣∣∣∣2]. (2)
At ϕ = pi/2, the QFI is given by H = 4[〈(aˆ†bˆ+ bˆ†aˆ)2〉 −
|〈aˆ†bˆ+ bˆ†aˆ〉|2]. We can derive the same QFI formula for
sensing a phase in an interferometry, as shown in Fig. 2.
A two-mode input state impinges on a 50 : 50 beam split-
ter, and then experiences a phase shift operation with an
opposite sign on each arm. Using the 50 : 50 beam split-
ting operation formula of aˆ† → 1√
2
(aˆ† − ie−iϕbˆ†) and
bˆ† → 1√
2
(bˆ† − ieiϕaˆ†), we derive the following output
state
|ψφ〉ab = eiφ(aˆ†aˆ−bˆ†bˆ)Bˆab(pi
2
, ϕ+
pi
2
)|ψ〉ab
= Bˆab(
pi
2
, ϕ+
pi
2
)eiφ(aˆ
†bˆeiϕ−aˆbˆ†e−iϕ)|ψ〉ab, (3)
where we employ the unitary relation of the beam split-
ting operation Bˆ†abBˆab = BˆabBˆ
†
ab = Iˆ. Then, the associ-
ated QFI becomes the same as the Eq. (2). In an ideal
scenario, thus, sensing a phase(φ) in the interferometry
is equivalent to sensing a reflectivity(η  1) of the beam
splitter by means of quantum Fisher information. Given
a unitary operation Uˆab(x) = e
ixOˆab , in general, we can
derive the similar relation if the other unitary operation
is transformed into Uˆab(y) = Aˆe
iyOˆab , where Aˆ is inde-
pendent of a parameter y. The sensitivity of x is being
equivalent to the sensitivity of y by their QFI formula.
When one of the input modes is a coherent state as
|ψ〉ab = |α〉a|Ψ〉b, the QFI of Eq. (2) is given by
H|α〉a|Ψ〉b = 4
[
〈bˆ†bˆ〉+ 2|α|2∆X2Θ+pi/2
]
, (4)
FIG. 2. Equivalence between sensing a phase(φ) and sensing
a reflectivity(η  1) of a beam splitter via quantum Fisher
information.
where ∆X2Θ+pi/2 = 〈Xˆ2Θ+pi/2〉 − |〈XˆΘ+pi/2〉|2 is the vari-
ance of a quadrature operator XˆΘ+pi/2 = (bˆe
−iΘ −
bˆ†eiΘ)/i
√
2. Note that α = |α|eiθ and Θ = θ − ϕ.
Since the optimal condition of the other input mode is
antisqueezed in the direction of Θ + pi/2, it is the best
to inject a squeezed vacuum state in the input mode b
[36]. When one of the input modes is a vacuum state
as |ψ〉ab = |0〉a|Ψ〉b, the QFI is given by 4〈bˆ†bˆ〉 such that
the optimal condition is proportional to the mean photon
number of the other input mode. The best thing that we
can do is to inject a coherent state in the input mode b.
NOISY QUANTUM-ENHANCED SENSING
Including thermal noise and loss, we manipulate the
target sensitivity in noisy quantum-enhanced sensing.
For mixed states, we utilize the QFI formula[37] that is
given by H = 2
∑
nm[|〈φn|(∂ηρη)|η=0|φm〉|2/(λn + λm)],
where (∂ηρη) is the derivative of the output state ρη.
λm and |φm〉 are the eigenvalues and the eigenstates of
ρη=0, respectively. Note that a higher QFI represents a
better target sensitivity. In Fig. 3 (a), we assume that
the input mode a experiences photon loss, where the in-
put mode b is in vacuum state and one of the output
modes is discarded. Using the QFI formula, we obtain
the maximum value of the QFI as 4N , where N is the
mean photon number of the input mode a. In spite of
preparing entangled states in the input modes a and c,
the non-interacting input mode c does not contribute to
the performance of the sensing. Thus, it is useless to
prepare input entangled states in the input photon loss
scenario.
Instead of the vacuum state in an input mode b, we
insert a thermal state into the input mode b as a thermal
noise effect. Based on the QFI of η( 1), we may con-
sider a maximally entangled state (1/
√
N)
∑N−1
n=0 |n, n〉ac
but the maximally entangled state cannot beat the per-
formance of a coherent state[16]. In Fig. 3 (a), here
we consider another type of entangled states, i.e., N -
photon entangled states[38] which are given by the for-
mula,
∑N
n=0 an|N − n, n〉ac, where
∑N
n=0 |an|2 = 1. In
the constraint of a total input state energy, we show
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FIG. 3. (a) Noisy quantum-enhanced sensing on a target
reflectivity (η  1). O represents an optimal measurement,
and ρth is a thermal noise with mean photon number Nb.
(b) Quantum Fisher information as a function of the mean
photon number of thermal noise under the constraint of 4-
photon input energy, 〈nˆa + nˆc〉 = 4. A 4-photon entangled
state (blue curve), a two-mode squeezed vacuum state (red
curve), and a separable coherent state (black curve).
thatN -photon entangled states can beat the performance
of a two-mode squeezed vacuum state regardless of the
amount of thermal noise. The coefficients of the N -
photon entangled states are optimized under different
amount of thermal noises.
The QFI of the N -photon entangled state is derived as
HN =
4
1 +Nb
N−1∑
k=0
(k + 1)a2k+1a
2
k
a2k + a
2
k+1(
Nb
1+Nb
)
, (5)
where Nb is the mean photon number of thermal noise,
and ak are the coefficients of the N -photon entangled
state. At Nb = 0, all the photons of the N -photon en-
tangled state are located on the signal mode as |N, 0〉ac
which is an optimal state for the vacuum noise. Since
the two-mode squeezed vacuum state and the separable
coherent state(|α〉a|α〉c) are equally distributed in both
signal and idler modes, the QFI of the N -photon en-
tangled state is twice of the QFI of the other states at
Nb = 0. In a range of N ≥ 4, we obtain that numer-
ically the QFI is larger than the QFI of the two-mode
squeezed vacuum state, irrespective of Nb. In Fig. 3 (b)
and (c), we observe that the QFI of a 4-photon entan-
gled state(
∑4
n=0 an|4−n, n〉ac) is always larger than the
QFI of the two-mode squeezed state with increasing Nb
at 〈nˆa + nˆc〉 = 4, while both the entangled states out-
performs a separable coherent state that is considered
as a reference state. The corresponding coefficients have
a descending order: |a0| > |a1| > |a2| > |a3| > |a4|.
With increasing thermal noise, the absolute value of a0
decreases but the abolute values of the other coefficients
increase. It implies that the portion of the signal pho-
ton decreases whereas the portion of the idler photon
increases. Although the less portion of signal photon is
sent to a target, the optimized N -photon entangled state
is more noise-resilient than the two-mode squeezed vac-
uum state in the noisy quantum-enhanced sensing.
SENSING A TARGET WITH A SPECIFIC
MEASUREMENT SETUP
Since the QFI is based on the corresponding corre-
lated measurement that is derived with the symmetric
logarithmic derivative of ρη calculated at η = 0[37], it is
hard to implement in a laboratory. Proposing an imple-
mentable measurement setup to detect a target in a noisy
environment, we investigate not only the target sensitiv-
ity but also the signal-to-noise ratio(SNR) for the output
modes. The target sensitivity is simply evaluated with
the error propagation relation ∆η =
√
∆M(η)2/|∂M(η)∂η |,
where ∆M(η)2 = 〈Mˆ2〉 − 〈Mˆ〉2 and 〈Mˆ〉 = M(η). The
SNR is given by the formula SNR = M(η)/
√
∆M(η)2.
Combining both formulas, we derive the following rela-
tion
SNR =
M(η)
∆η
∣∣∣∣∂M(η)∂η ∣∣∣∣ . (6)
In the constraint of a function of M(η), the SNR is in-
versely proportional to the target sensitivity. We can
infer that the better the target sensitivity is, the higher
the SNR is.
We assume that an input thermal noise is sep-
arately distributed after a beam splitting operation
as ρ
(a)
th (η
2Nb) ⊗ ρ(b)th ((1 − η2)Nb) in the condition of
η2Nb  1 which satisfies the Gaussian Re´nyi-2 mu-
tual information[39] of the output thermal noise being
I2 = ln[1 + 2η
2(1− η2) N2b1+2Nb ] ≈ 0.
First, we may consider a direct photon counting on
both output modes, which was already implemented
in experimental quantum illumination[7]. However the
direct photon counting setup cannot discriminate an
input pure entangled state from its mixture, such as
|ψ〉ac = a1|12〉ac + a2|21〉ac and ρac = |a1|2|12〉ac〈12| +
|a2|2|21〉ac〈21|. It does not demonstrate the contribu-
tion of the interference terms so that we cannot observe
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FIG. 4. (a) Measurement setup, (b) Target sensitivity, and
(c) Signal-to-Noise Ratio for the reflected signal and the idler
modes, as a function of the mean photon number of ther-
mal noise: A 4-photon entangled state (blue curve) and
a separable coherent state (red curve) at η = 10−3 and
〈nˆa〉 = 4. The 50 : 50 beam splitter has the transformation of
dˆ† → 1√
2
(bˆ† + cˆ†) and eˆ† → 1√
2
(cˆ† − bˆ†).
the entanglement effect. In Gaussian regime, it measures
only the diagonal components, e.g., 〈Xˆ2 + Pˆ 2〉. Thus, we
do not apply the direct photon counting setup to detect
a target with input entangled states.
Second, in Fig. 4 (a), we consider a photon-number
difference measurement after combining the reflected sig-
nal and the idler by a 50:50 beam splitter whose trans-
formation is given by dˆ† → 1√
2
(bˆ† + eiϕcˆ†) and eˆ† →
1√
2
(cˆ† − e−iϕbˆ†). Using the photon-number difference
measurement, we can distinguish the presence of a tar-
get from the absence of one, distinctly. In the absence
of the target, the output state (ρ
(b)
th ⊗ tra[|ψ〉ac〈ψ|]) is
always observed as M(η) = 〈bˆ†cˆe−iϕ + cˆ†bˆeiϕ〉 = 0, in
which the measurement observable Mˆ = nˆd− nˆe is trans-
formed into (bˆ†cˆe−iϕ + cˆ†bˆeiϕ) by the reverse 50:50 beam
splitting operation. In the presence of the target, we
measure the interference terms in the modes b and c.
However, there is an exception that M(η) = 0 can indi-
cate the presence of the target with an input pure two-
mode Gaussian state having zero first moments, since
the off-diagonal elements of the output covariance ma-
trix have the relation [40], such as 〈XˆbXˆc〉 = −〈PˆbPˆc〉
and 〈XˆbPˆc〉 = 〈PˆbXˆc〉 = 0. The measurement observ-
able is reformulated with the corresponding position and
momentum operators, 〈bˆ†cˆe−iϕ + cˆ†bˆeiϕ〉 = 〈(XˆbXˆc +
PˆbPˆc) cosϕ + (XˆbPˆc − PˆbXˆc) sinϕ〉. Due to that reason,
we do not consider a two-mode squeezed vacuum state
under the photon-number difference measurement.
Based on the photon-number difference measurement,
we explore whether entangled states can exhibit better
performance than a separable coherent state. For exam-
ple, we consider a 4-photon entangled state in comparison
with the separable coherent state, at the low reflectivity
of η = 10−3. For the target sensitivity, the sensitivity
with the 4-photon entangled state initially deteriorates
with Nb but it is getting improved at Nb ≈ 0.5, as shown
in Fig. 4 (b). For the SNR of the output mode, corre-
spondingly, the SNR with the 4-photon entangled state
initially deteriorates with Nb but it is getting improved
at Nb ≈ 0.5, as shown in Fig. 4 (c). The correspond-
ing cofficients of the 4-photon entangled state have a
descending order as (|a0| > |a1| > |a2| > |a3| > |a4|).
With increasing thermal noise, the portion of the signal
photon decreases whereas the portion of the idler photon
increases. It contributes to descrease the standard devi-
ation
√
∆M(η)2 of the photon-number difference mea-
sure with increasing thermal noise, in which the other
terms M(η) and |∂M(η)∂η | are not significant. Both of
them present a counterintuitive phenomena whereas the
performance of the separable coherent state deterioates
with Nb for the target sensitivity and the SNR. Thus,
the transmitted thermal noise contributes to enhance the
sensitivity and the SNR in the regime ofNb & 0.5. There-
fore, entangled states can enhance not only the target
sensitivity but also the target detection with increasing
thermal noise. Note that there is a similar behavior of
enhancing phase sensitivity with the increasing thermal
noise[41, 42].
The SNR can be associated with a minimum error
probability of distinguishing between the presence and
absence of a target. In Gaussian regime, the minimum
error probability is given by e−MRG/2
√
piMRG [8], where
M( 1) is the number of pairs for returned and idler
modes, and RG = (n1 − n0)2/2(σ0 + σ1)2 is the error
exponent. n1(n0) is the mean photon number of the
presence(absence) of the target. σ1(σ0) is the standard
5deviation of the presence(absence) of the target. In our
non-Gaussian regime, we simply define the error expo-
nent as RnG ≡ (n1 − n0)2/(σ0 + σ1)2 ≡ SNR2e, where
SNRe =
√
RnG we call an effective SNR. Due to n0 = 0,
the SNRe which is represented by n1/(σ0 + σ1) exhibits
a similar behavior of the SNR, n1/σ1, while keeping the
tendency with thermal noise. Thus, in the minimum er-
ror probability, the SNR is just entirely degraded by the
amount of σ0.
SUMMARY AND DISCUSSION
We made a connection between quantum-enhanced
sensing and quantum illumination by initiating with a
scenario that the phase sensitivity is equivalent to the
sensitivity of the target reflectivity (η  1), in terms of
QFI. Including thermal noise and loss, we showed that
noise-resilient quantum sensing for the target reflectivity
can be more enhanced with input N-photon entangled
states than with a two-mode squeezed vacuum state. By
using a specific measurement setup, we found a link that
the target sensitivity can be proportional to the possibil-
ity of the target detection, in which we utilized the error
propagation relation and the SNR of the reflected signal
together with the idler. In terms of the photon-number
difference measurement after a 50 : 50 beam splitting op-
eration, which discriminates the presence and absence of
the target clearly, we observed that both the target sensi-
tivity and the SNR of the output mode can be enhanced
with increasing thermal noise. The SNR is associated
with a minimum error probability of distinguishing the
presence and absence of the target.
For the target sensitivity, there was a discrepancy be-
tween the QFI and the sensitivity of a target reflectiv-
ity. The former determines the lowest bound of a pa-
rameter sensitivity, and the latter is based on the er-
ror propagation relation which should be worse than
the lowest bound. It is supposed to be that both tar-
get sensitivities should get worse with increasing ther-
mal noise. However, the sensitivity with the error prop-
agation formula enhances with increasing thermal noise
whereas the QFI decreases with increasing thermal noise.
In the QFI formula, only the first-order field operation
of the beam splitter was counted on the derivation[16]
as (∂ηρη)|η=0 ≈ tra[(aˆ†bˆ − bˆ†aˆ), |ψ〉ac〈ψ| ⊗ ρ(b)th ]. Due to
ignoring the high-order field operations of the beam split-
ter, we could not observe the effect of the high-order in-
terference in an output state. However, the error propag-
tion relation counted the higher-order field operations of
the beam splitter, such that we could observe the effect
of the high-order intereference in the output state. For a
sepable coherent state, there was no discrepancy between
the QFI and the target sensitivity, due to the fact that a
coherent state is fully described with first moment fields.
Our SNR results show that thermal noise in a target
detection can be beneficial when η  1. It is therefore
interesting to apply the SNR scenario to quantum ghost
imaging[43] and quantum-limited loss sensing[44] which
make use of input entangled states in heavy noise envi-
ronment. As a further study, our measurement scheme
can be modifed even to be effective for input two-mode
squeezed vacuum states.
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